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Abstract 

In this paper, we study the relation between subspace-hypercyclicity and the direct sum 
of two operators. In particular, we show that if the direct sum of two operators is subspace- 
hypercyclic, then both operators are subspace-hypercyclic; however, the converse is true for 
a stronger property than subspace-hypercyclicity. Moreover, we prove that if an operator 
T satishes subspace-hypercyclic criterion, then T © T is subspace-hypercyclic. However, we 
show that the converse is true under certain conditions. 
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1 Introduction 

A bounded linear operator T on a separable Banach space X is hypercyclic if there is a vector 
X € X such that Orb{T, x) = {T'^x : n > 0} is dense in X, such a vector x is called hypercyclic for 
T. The first example of a hypercyclic operator on a Banach space was constructed by Rolewicz 
in 1969 [11]. He showed that, if B is the backward shift on then \B is hypercyclic if and 

only if |A| > 1. 

In 2011, Madore and Martinez-Avendano [9] considered the density of the orbit in a non-trivial 
subspace instead of the whole space, such a concept is called subspace-hypercyclicity. An oper¬ 
ator is subspace-hypercyclic for a subspace M ot X (or Ad-hypercyclic, for short) if there exists 
a vector x € X whose orbit is dense in Ad. Also, Madore and Martinez-Avendano [9] defined 
subspace-transitive operators and showed that every subspace-transitive is subspace-hypercyclic. 
Talebi and Moosapoor [13] defined subspace-mixing concept which is a stronger property than 
subspace-transitive. For more information on subspace-hypercyclicity, the reader may refer to 
[ 8 , 10 , 1 ]. 
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In 1982, Kitai [7] showed that if Ti © T 2 is hypercyclic, then Ti and T 2 are hypercyclic. For 
subspace-hypercyclicity, Madore and Martinez-Avendano showed that there exists an operator T 
on a Banach space X such that T © / is subspace-hypercyclic operator for the subspace X © {0} 
[9, Example 2.2]. However, it is clear that the identity operator I cannot be subspace-hypercyclic 
for any nontrivial subspace. Therefore, Kitai’s result cannot be extended to subspaces. On the 
other hand, for nontrivial subspaces and operators, we have the following question: 

Question 1. If the direct sum of two operators is subspace-hypercyclic, are both operators 
subspace-hypercyclic? 

De la Rosa and Read [6] showed that the converse of Kitai’s result is not true by giving a 
hypercyclic operator T such that T © T is not. This yields to ask the analogous question for 
subspace-hypercyclic operators. In particular, we have 

Question 2. If two operators are subspace-hypercyclic, is their direct sum subspace-hypercyclic? 

On the other hand, if T satisfies hypercyclic criterion, then T©T is hypercyclic [3]. In 1999, Bes 
and Peris [4] proved that the converse is also true; i.e, if T © T is hypercyclic, then T satisfies 
hypercyclic criterion. Now, it is natural to ask analogous questions for subspace-hypercyclic 
operators. In particular, we have the following questions: 

Question 3. If T satisfies subspace-hypercyclic criterion, is T © T subspace-hypercyclic? 
Question 4. If T © T is subspace-hypercyclic, does T satisfy hypercyclic criterion? 

In the second section of this paper, we answer 1 positively; i.e, if Ti ©T 2 is subspace-hypercyclic, 
then Ti and T 2 are subspace-hypercyclic. Moreover, we show that 2 has a partial positive answer. 
In particular, if two operators are subspace-transitive and at least one of them is subspace-mixing, 
then their direct sum is subspace-transitive which in turn is subspace-hypercyclic. Also, we show 
that if the direct sum of two operators satisfies subspace-hypercyclic criterion, then both oper¬ 
ators do. However, we give counterexamples to show that the converse is not true in general. 
On the other hand, we show the converse is only true for a single operator; i.e, if T satishes 
subspace-hypercyclic criterion, then T (B T does, which gives a positive answer to 3. Further¬ 
more, we show that under certain conditions if T © T is subspace-hypercyclic, then T satishes 
subspace-hypercyclic criterion which answers 4 partially. 

Let A4i and A42 be subspaces of a Banach space X, then the direct sum of Xii and AI 2 is 
dehned as follows 

Ml (B M2 = {{x,y) : x G Mi,y G M2} 

For more information and details on the direct sum of Banach spaces, the reader may refer to 
[5]. Let {ci : Ci = {■ ■ ■ , 0,1, 0, • • •), i G Z} be a standard basis for the sequence space ^^(Z), then 
we have the following theorems. 

Theorem 1.1. [2J Let T he an invertible bilateral forward weighted shift in £^(Z) with a positive 
weight sequence {w„}ngz and M be a subspace o/f^(Z). Then T is M-transitive if and only if 
there exist an increasing sequence of positive integers {nk}kGM (^nd e^i G {Cr} B M such that 
T^’^M C M for all k & M and 


rtii+nk — l 


rik+mi 


lim 


n 

j^TUi 


yjj = 0 and lim 

k—^oo 


n —=0 

W-i 


j—l+rrii 


( 1 . 1 ) 


Theorem 1.2. [2] Let Ti and T 2 be invertible bilateral forward weighted shifts in £^(Z) with a 
positive weight sequence {wnjnez and {a„}„gz, respectively. Let Mi and M 2 be closed subspaces 
of £^(Z). Then Ti © T 2 is Mi © M 2 -transitive if and only if there exist Cmi G {cr} H Mi, 
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Chp G {sr} n A42 and an increasing sequence of positive integers {nk\k^j\f sueh that (Ti © 
T 2 )”'‘ (A^i © M 2 ) C Ml © M 2 for all k G Af and 


and 


rrii+nfe—1 /ip+n^ —1 

lim max { n n “4=0 


k—¥oo 


j^rui 


j—hp 


lim max 

k—¥oo 


{ nk-rrii rik-hp | 

n n ^ 

j=l-mi ■> j=l-hp J 


= 0 


( 1 . 2 ) 


(1.3) 


2 Main Results 

In this paper, all Banach spaces are infinite dimensional separable over the field C of complex 
numbers. We always assume that a subspace of a Banach space X is nontrivial {M X 
and M yf {0}) and topologically closed. Also, we assume that every bounded linear operator 
T is nontrivial {T ^ I and T ^ 0, where I is identity operator and 0 is zero operator) unless 
otherwise stated. We denote HC{T,M) the set of all Af-hypercyclic vectors for T. 


Proposition 2.1. Let T S and M be a closed subspace ofH. The following statements 

are equivalent: 

1. T is M-transitive, 

2. for each x,y € M, there exist sequences {xk}kejg' C M and an increasing sequence of 
positive integers {nk}k^M sueh that T^’^M C M for all k > 1, Xk ^ x and T^’^Xk y as 
k —> oo, 

3. for each x,y € M and each Q-neighborhood W in M, there exist z G M and n G N such 
that X - z GW, T'^z -y GW and T^M C M. 

Proof. (1) => (2): Let x,y G M. For all A: > 1, suppose that Bk = B(a;, 1/fc) and B'^. = B(y, 1/fc) 
are two open balls in X, then Ak = Bk (1 M and n At are relatively open subsets of 

M. By [9, Theorem 3.3.], there exist sequence {uk} in N and {x^} in Af such that for all k >1, 

Xk G T-”'“(A'fc) n Afc and T'^^M CM. 


It follows that 

Xk G Ak and (xk) G Aj,. 

Then, as fc —> oo the desired result follows. 

(2) ^ (3): Follows immediately from part (2) by taking z = Xk and Uk = n for a large enough 
fceN. 

(3) ^ (1): Let U and V be two nonempty open subset of M. Let IF be a neighborhood for zero, 

pick X G U and y G V, so there exist z G M and n G N such that x — z G IF, T'^{z) — y GW 
and T^M C M. It follows that U fl T“" (F) yf </> which proves (1), by [9, Theorem 3.3.]. □ 

The following theorem gives a positive answer to 1. 

Theorem 2.2. Let Mi and M 2 be closed subspaces of X and Ti(BT 2 is {Mi(BM 2 )-hypercyclic, 
then Ti and T 2 are Mi-hypercyclic and M 2 -hypercyclic, respectively. 
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Proof. Let a G M.i and b G M2, and let {x,y) G HC{Ti © T2,Mi © M2), then there exist an 
e > 0 and an increasing sequence of positive integers such that 

IKTi ©T 2 )”" {x,y) - < e. 

It follows that, 

\\Tr^-a\\M, + \\T-'‘y-b\\l,^<e. 

Then 

WTi’^x - a\\j^^ < e and WT^'^y - < e. 

Thus, there exists an increasing sequence of positive integers such that {Tf^x : A: > 1} 

and {T2’‘y '■ k > 1 } are dense in Mi and M2, respectively. Therefore Orb{Ti,x) and Orb{T2,y) 
are dense in A^i and M2, respectively. 

□ 

The following two results show that the converse of 2.2 holds true under some conditions, which 
gives a partial positive answer to 2. 

Theorem 2.3. IfTi and T2 are Mi-transitive and M2-transitive, respectively, and at least one 
of them is subspace-mixing, then Ti © T2 is (Mi © M2)-transitive. 

Proof. Suppose that, without loss of generality, that Ti is Ali-mixing. Let Ui © Vi and U2 © V 2 
be open sets in A^i © M 2 , then Ui and U 2 are open in A^i, and Vi and V 2 are open in M 2 . By 
hypothesis, there exist two numbers Ni,N 2 S N such that 

Tf "(C/i) n C /2 7 ^ (/) and Tf(Mi) Q Mi for all n > Ni 


and 

T-^^(Vi) nV 2 ^(l) and T^HM 2 ) Q M 2 . 

Since T 2 is A 42 -transitive, then {n G N : r 2 ""bi fl V 2 and T 2 M 2 C M 2 } is infinite [12]. So, there 
exists p G N such that 

T-^(Ui) n C /2 7 ^ (p,T 2 ^{Vi) n ^2 7 ^ f),Tf(Mi) C Ml and T|(>l 2 ) C M 2 . 

It follows that 


(Ti © T 2 )-p{Ui © Vi) n (C/2 ®V 2 )^(t) and (Ti © Taf (Adi © M 2 ) C (Mi © Ad2). 
Thus, Ti © T2 is (Adi © Ad2(-transitive. 


□ 


Proposition 2.4. Let Adi and M 2 be closed subspaces of X, then Ti and T 2 are Mi-mixing 
and M 2 -mixing; respectively, if and only if Ti © T 2 is (Adi © M 2 )-mixing. 

Proof. For the “if’ part, let Ui and U 2 be open sets in Adi, and Vi and V2 be open sets in Ad2, 
then Ui © Vi and C/2 © 14 are open in Adi © Ad2. So there exists an G N such that 

(Ti © r2)-”(c/i © Pi) n (c/2 © P2) 7^ 

and 

(Ti © r2)”(Adi © M2) C (Adi © M2) 
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for all n > N. Then 


r-”([/i)nl 72 ^ (l),T-^{Vi)r\V2 ^,r”(A^i) C Mi and T”(Af2) CAf2. 

Therefore, Ti and T2 are Adi-mixing and Af2-niixing, respectively. 

The proof of the “only if’ part is similar to the proof of 2 . 3 . 


□ 

Proposition 2.5. IfTi © T 2 satisfies {A 4 i (B M2)-hypercyclic criterion, then Ti and T2 satisfy 
Mi-hypercyclic criterion and M-2-hypercyclic criterion, respectively. 

Proof. By hypothesis, there exist two dense sets of the form Di © D2 and D3 © I?4 in At 1 © At2 
and an increasing sequence of positive integers such that 

(i) (Ti ©r2)"'=(xi,x^) ^ ( 0 , 0 ) for all e ifi ©£'2. 

(ii) for each (yi, j/2) & D3 (B D4 there exists a sequence {(xfc, 7/fc)}j,gpj C Ati © At2 such that 

{xk,yk) 0 and (Ti ®T2Y'‘{xk,yk) (2/i,2/Q- 

Since Di and are dense sets in Ati, and D2 and £>4 are dense sets in At2, then it is easy to 
show that 

(i) —>■ 0 for all x\ € £>1 and —>■ 0 for all x'2 € £>2, 

(ii) for each G £>3 there exists a sequence {xfc}j,gp,j C Ati such that —>■ 0 and T^'‘Xk —>■ y'l, 
and for each y^ G £>4 there exists a sequence {yk}k^n C At2 such that j/fc —0 and 
T^'^Vk 2/2- 

it is readily seen that £4 and £2 satisfy A^i-hypercyclic criterion and Ad2-hypercyclic criterion, 
respectively. 

□ 


The following examples show that the converse of 2.5 is not true in general. 

Example 2 . 6 . Let Afi and AI2 be two subspaces of X such that A^i © Af2 ^ X. If for any two 
increasing sequences of positive integers {nk},,^^ and we have {nk}k^nf^{ixik}k^n = ^ 

whenever £1 satisfies Adi-hypercyclic criterion with respect to and £2 satisfies AI2- 

hypercyclic criterion with respect to {mk}i.^^. Then, £4 © £2 does not satisfy (AI4 © AI2)- 
hypercyclic criterion. 

Example 2 . 7 . Let AI4 and AI2 be closed subspaces of the Banach space £P{Z). Choose se¬ 
quences {wn}n^z {®«}nez positive real numbers such that each one satisfies 1.1 but 
not either Equation ( 1 . 2 ) or Equation ( 1 . 3 ) of 1 . 2 . Then, suppose that £4 and £2 are bilateral 
weighted shifts with weight sequence {iCnlngz and {an}„gz, respectively. It follows from 1.1 and 
1.2 that £4 and £2 satisfy Al4-hypercyclic criterion and Al2”hypercyclic criterion, respectively. 
However, £4 ©£2 does not satisfy (AI4 © Al2)-hypercyclic criterion. 

The following proposition shows that the converse of 2.5 holds true for a single operator £ which 
gives a positive answer to 3 . 

Proposition 2 . 8 . //£ satisfies M-hypercyclic criterion, thenT®T satisfies {A 4 (BM)-hypercyclic 
criterion. 
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Proof. Since T satisfies A^-hypercyclic criterion, then there exist two dense subsets Di and D2 of 
Ai and an increasing sequence of positive integers such that all hypothesis of subspace- 

hypercyclic criterion are satisfied. It is easy to show that Di © Di and D 2 © D 2 are dense sets in 
M ® M. Let {xi,X 2 ) & Di (B Di then xi,X 2 G Di. By hypothesis, T'^*‘xi —>■ 0 and T'^*‘X 2 0. 

Thus, 

(T©rrHa:i,X2)^(0,0). (2.1) 

Now, let (yi,?/ 2 ) G ZI 2 ©LI 2 then yi,y 2 G 02- Also, by hypothesis, there exist two sequences say 
and {ykjk^^ in M such that 

Xk ^0 and T^’^Xk j/i. 


and 

j/fc 0 and T^’^yk J/ 2 - 

Therefore, 

ixk,yk) (0,0) and (T © T)”'“ (xfc, ys,) (j/i,y 2 )- 
Finally, since C M, then 


( 2 . 2 ) 


{T(BTY’‘{M®M)QM(BM. (2.3) 

It follows by Equation (2.1), Equation (2.2) and Equation (2.3) that T© T satisfies M © AI- 
hypercyclic criterion, and thus hypercyclic. 

□ 


Corollary 2.9. IfT satisfies subspace-hypercyclic criterion, thenT(BT is suhspace-hypercyclic. 

For hypercyclicity, Bes and Peris [4] proved that the converse of the 2.9 above is also true . 
The next theorem shows that the converse of 2.9 is true under certain conditions, which gives a 
partial positive answer to 4. First we need the following lemma. 

Lemma 2.10. Let T,S G B{X) satisfy the equation TS = ST and Ai be a subspace of X. If 
X G HC{T, Ai), then Sx G HC{T,SAi). 

Proof. Let x G HC{T, Ai), then Orb{T, x) fl Af is dense in Ai. Thus 

Orb{T, Sx) n SAi = {T^Sx :n>0}nSA4 
= {ST^x : n > 0} n SAi 
= S {T^x : n > 0} n SAi 
2 S{{T^x : n > 0}n7W) 

© A : n > 0} n Af) 

= SAi. 

It follows that Orb{T, Sx) fi SAi is dense in SM. Thus T is AAf-hypercyclic operator with 
subspace-hypercyclic vector Sx. 

□ 


Theorem 2.11. LetTtST he {Ai®Aii)-hypercyclic. If there exists a suhspace-hypercyclic vector 
{x, y) such that x has the following properties 

(i) xeClnenT^i^), 
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(ii) T^M C M. whenever T^x G Orb{T, x) HM. 

Then T satisfies M-hypercyclic criterion. 

Proof. Let {x,y) G HC{T © T, © M) such that x satisfies the stated conditions. Since 
X G HC{T,M) (by 2.2), we show that the Ad-hypercyclicity criterion is satisfied by the dense 
sets D = Di = D 2 = Orb{T, x) fl Ad . Since the operator 7 © T” commute with T © T, then by 
2.10, we have 

G i7C'(T©T,Ad©T"Ad) (2.4) 

for all n G N. Since y G HC{T,M) (by 2.2), then Orb(T,y) fl Ad intersects every open set in 
Ad. Let U be an open neighborhood of 0 in Ad, then there exist uq G t/ C Ad, r G Nq such that 
Mo = T'"y. It follows by Equation (2.4) that 

{x, Mo) G HC{T © T, Ad © T^M). 

By condition i, we have (0, x) G Ad © T''M, then there exists no G N such that 

(T"°x, T"°mo) G Orb (T © T, {x, uq)) n (Ad © T'^Ad) 

is arbitrarily close to (0,a;). Since T"'°x G Ad, then T'^°x G D, and so C Ad by condition 

ii. By continuing the same process, we get a sequence Ufc —>■ 0 in Ad and rifc G N such that 
T”'=a; 0, T”'=Mfe -)■ x and C Ad. 

Let C = {i G No : T^x G 7?}, and let us define maps Sn^ : 7? —> Ad by SnkiT^x) = T^Uk',i G C 
(by condition ii, it is clear that S'„^(T*a;) G Ad for all k G No,i G C). Now, for all T^x G D, we 
have 


T”i^{Tx) = T\T'^^x) 0 , 

S'„j,(T*x) = T*Mfc —> 0 since uu —> 0, 
T”'“S'„,(T*x) = TT'^^Uk T^x. 

for all i € C. It follows that T satisfies Ad-hypercyclic criterion. 


□ 


It follows by 2.11 above that hypercyclicity and subspace-hypercyclicity do not share the same 
properties. Therefore, one may wonder whether there are some more similarities and differences 
between hypercyclicity and subspace-hypercyclicity. 
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